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m 1st DAY

Robustness Tests

Review of Classical Control
Single-Input/Single-Output (SISO) Robust Control

Linear Algebra

Worst-Case Performance

Multivariable Robust Control

LFT and LPV Modeling

1st application case: LFT Modeling of an Airbus On-ground model
2nd application case: LFT Modeling of the X38
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m 1st DAY

Robustness Tests

Review of Classical Control
Single-Input/Single-Output (SISO) Robust Control

Linear Algebra

Worst-Case Performance

Multivariable Robust Control

LFT and LPV Modeling

1st application case: LFT Modeling of an Airbus On-ground model
2nd application case: LFT Modeling of the X38
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= 2nd DAY
Structured Singular Value (u)

Robustness Tests

Worst-Case Performance

Fault detection and isolation (FDI)

3rd case: Aircraft engine FDI

4th case: Linear methods to (fault) analyze the HIMAT

O O o 0o o o

© Gary Balas & Andrés Marcos 2009 UNAL Short Course — 2 / 50



Short Course Outline

What is p?

L Introduction

Special Cases

Main Loop Theorem
Computing
Lower Bound (C)
Upper Bound (C)
Mixed p (C/R)
Other

Robustness Tests

Worst-Case Performance

Structured Singular Value (1)
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What is ;?

Short Course Outline

1 (structured singular value) is a linear algebra tool that analyzes
gp”l‘;t worst case performance degradation due to LFT perturbations
Main Loop Theorem

Computing / ABSTRACT PROBLEMS: Given

Lower Bound (C)
Upper Bound (C)

Mixed 1 (C/R) s A matrix M ¢ C{riFm2)x(nitna)
Other

Robustness Tests = Block diagonal set of matrices A C C"2*"2

Worst-Case Performance

Compute (or at least bound) e Lciehtly

max HFL (M7 A)” max p[FL (M7 A)]
AcA A=
1A<L1 1A<L1

Note that

- ,LLA . Can N R
m  Smallest (measured in ||-||) root of the polynomial equation

det (I — MA) =0
m Forany a € R, pu(aM) = |a|u (M)
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%
What is p?

v Introduction

Special Cases

Main Loop Theorem
Computing
Lower Bound (C)
Upper Bound (C)
Mixed p (C/R)
Other

Robustness Tests

Worst-Case Performance

1 Introduction

Define A ¢ C™*"™ as

{diag 0117,y 0sdrg, As+a, ..., As+r] 16 € C,Agsj € ijij}

Usually, A is a prescribed, problem-dependent set of block diagonal matrices

For M € C™*", ua (M) is defined

(M) = 1
HALE) = in (Al A € A, det (I — MA) = 0}

unless no A € A makes I — MA singular, in which case pua (M) := 0.
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%
What is p?

v Introduction

Special Cases

Main Loop Theorem
Computing
Lower Bound (C)
Upper Bound (C)
Mixed p (C/R)
Other

Robustness Tests

Worst-Case Performance
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1 Facts

The function p: C"*"™ — R is continuous and related to familiar linear
algebra quantities when A is one of three extreme sets:

m If A:={61l,: 1 € R}, then

pa (M) = pr (M) :=max {|\| : A € R,det (A\] — M) =0}
m If A:={d1,:9 € C}, then

pa (M) = p (M) ;== max {|\| : A € C,det (\[ — M) = 0}
m If A:=C"*", then

pa (M) = || M]|

For a general set A, {6, :5 € C} C A C C"*". Hence

p (M) < pa(M) < [|M]

Unfortunately, these bounds give little information.
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Special Cases: A = {6 :6 € F}

Short Course Outline

L
What is 4u? Recall definition

L Introduction

Main Loop Theorem L
pa (M) =

Computing
Lower Bound (C)
Upper Bound (C)

gmxed p (C/R) unless no A € A makes (I — M A) singular, in which case set ua (M) := 0.
ther

1
min {||A|| : A € A,det (I — MA) =0}

Robustness Tests

A:={06l:0eR}or A:={il:9¢cC}

Worst-Case Performance

Proof: The only A’s in A which satisfy the det (I — M A) = 0 are the
scalars § which satisfy det (I —dM) = 0.

This constraint implies that the §’s are reciprocals of nonzero eigenvalues of
M. The smallest one of these is associated with the largest (magnitude)
eigenvalue, so, pua (M) = pr (M), or ua (M) = p (M).
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%
What is p?

L Introduction

Special Cases

Main Loop Theorem

Computing
Lower Bound (C)
Upper Bound (C)
Mixed p (C/R)
Other

Robustness Tests

Worst-Case Performance

Special Cases: A = C"*"

Proof: Let A € C™*" be arbitrary and satisfy 5 (A) < =%~

Since 5 (A) < 75y, it follows that 6 (MA) < 6(M)a(A) < 1,
thus, I — M A is nonsingular.

Applying the definition of w, implies pua (M) < & (M).

On the other hand, let « and v be unit vectors satisfying Mv =6 (M) u

And define A := —Zvu,
Then & (A) = 55 and
I —MAJju = u—MAu
= u—Mlg(LM)(vu*)u
— oA
= E—WO(M)U

hence I — M A is obviously singular. That implies ua (M) > || M||.
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%
What is p?

L Introduction

Special Cases
Computing
Lower Bound (C)
Upper Bound (C)
Mixed p (C/R)
Other

Robustness Tests

Worst-Case Performance

© Gary Balas & Andrés Marcos 2009

Main Loop Theorem

Use of n in control theory depends largely on its relationship with LFTs
Given: y y
s acomplex matrix M e C(ri+n2)x(nitn2) - pr 11 12

" Mz Mo22

m Structured sets of matrices, A1 C C"1*™ and A, C C"™2*"2
Consider the LFT Fy (M, A1) for A1 € B1 := {A1 € Ay ||A1]] £ 1}
AN
ZE :lw

e-<—M<—d

Take the viewpoint that

m  Matrix M2 represents a nominal relationship between d and e

m A4 € B1 is a norm bounded perturbation from allowable perturbation class A4

m  Matrices M12, M21, and M2 and formula Fyy (M, A1) reflect prior knowledge
on how the unknown perturbation affects the relationship between d and e

Question (vague): How big can Fy;y (M, A1) get, as A1 varies over B17?

What is precisely meant by big (p, 0, etc...)
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From how big Fy; (M, Ay) to how big o (Fiy (M, Ay))

Short Course Outline

2
What is u7 Question: How big can Fiy (M, A1) get, as Ay varies over B;?

L Introduction

Special Cases

Use Ao, via the definition of 4, to quantify big,

Computing

Lower Bound (C) . : . .
T ie., quantify the size of Fy (M, A1) using
Mixed p (C/R)

Other 2 (FU (M7 Al))

Robustness Tests

with u2 (+) denoting w with respect to Ao,

Worst-Case Performance

Question: How big can u2 (Fr (M, A1)) get, as A1 varies over B1?

Note:
w if Ay ={0l,,:0 € C}, then uz(-) = p(-)
n if Ay = C"2X"2 then uo(-) =6 (")

m if Ay is a structured set, then w2 (-) is just as in the definition
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Main Loop Theorem: Definition and Significance

Short Course Outline

\‘,‘Vhat - Given sets A; and Ay, define an augmented structure A:
L Introduction

i A1 0
Special Cases L )
A'—{[ 0 A, |PEALAZEAz
Computing

Lower Bound (C)
Upper Bound (C)
Mixed 1 (C/R) . . .
Other Now, as the “perturbation” A; deviates from zero, the matrix Fy (M, A1)

Robustness Tests deV|ateS from M22.

Worst-Case Performance

and the notation pa () is with respect to A.

The range of values that uo (Fiy (M, A1)) takes is related to ua (M), as
follows:

Main Loop Theorem: The following are equivalent:

p1 (Mi1) <1, and

pa(M) <1 < max pu2 (Fu (M,A1)) <1
A1€B1

Proof of the theorem is based on definition of x, and Schur formulae for
determinants of block-partitioned matrices.

The ML theorem is the basis for all uses of w in linear robustness analysis
(whether from a state-space, frequency domain, or Lyapunov approach).
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Computing 1: Problems and Algorithms

Short Course Outline

S 1. In the general case, computing | is known to be a computationally difficult
What is p? . . » "
problem. This essentially rules out “exact” methods.

L Introduction

Special Cases

2. We aim for reliable algorithms which quickly yield decent upper and lower

Main Loop Theorem

bounds for fia (M)

Lower Bound (C) y .o . . .

Upper Bound (C) m Lower bound uses a “power” iteration to find small A € A causing

Mixed 1 (C/R) singularity

Other m  Upper bound solves convex optimization to rule out possibility of singularity
Robustness Tests

Worst-Case Performance 3. The software does not compute W exactly, but bounds it from above and below.

m [3, := peak (across frequency) of the upper bound for .

For all A € A satisfying max ||[A(Jw)|| < Bi the system is stable;
w u
m [3; := peak (across frequency) of the lower bound for .

There is a particular A € A satisfying max ||A(Jw)|| = B% that causes
w

instability.

The gap between the upper and lower bounds translates into gaps between the

conclusions “guaranteed robust stability” and “not robustly stable.”
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Short Course Outline

%
What is p?

L Introduction

Special Cases

Main Loop Theorem
Computing
Upper Bound (C)
Mixed p (C/R)
Other

Robustness Tests

Worst-Case Performance

Lower Bound for ;i: Pure Complex

For illustrative purposes, consider a specific block structure

01133 O 0
A = 0 S 0 181 €C,05 € C, A5 € C**? § c XS
0 0 Aj

Define

q1l3x3z O 0
QA = 0 g2 O rq1 € C,q1q9; =1,
0 0 Qs

g2 € C,q5q2 =1,Q3 € C**?, QIQs = 12} c C6x6

Define BA :={A € A:||A|| <1} C C%*C note Qa C Ba.

Theorem:

Qrggz p(QM) = Arggz p(AM) = pa (M)

For the general complex case take
Ba ={AcA:|A]| L1}, QA ={A: A AA"A =1}
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Short Course Outline

@hatisu? Qa ={A:Ac A A A=1T}

gpltl(i:t Given an arbitrary complex matrix M, and A € A, Q € QA -
o o e Note that

det (I — MA) = det(I—AM)

Mixed p (C/R)
Other

Robustness Tests

Worst-Case Performance and that QA -~ A, AQ* - A, ”QA” = ”A” = ”AQ*”

Lower Bound for ;i: Pure Complex

det (I — MQ*QA)
det (I — AQ*QM)

Recall definition of 1 — the important aspect is the size of the structured
perturbations which cause singularity.

Multiplication of M by Q changes

= which perturbations cause singularity,

but it doesn’t change

m perturbation structure or

m perturbation size.

Hence, ua (M) = pa(MQ) = pa (QM)

© Gary Balas & Andrés Marcos 2009
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Lower Bound for u: Pure Complex (cont’d)

Short Course Outline

b " Recall, for any Q € Q,
Introduction "
gpecial Cases /’LA(M) — /’LA(MQ ) — ILLA (QM)
Main Loop Theorem
Computing g This is a transformation that doesn’t aledt u, but does aledt p.

Lower Bound (C)
Upper Bound (C)
Mixed p (C/R)
Other

Hence, for any @ we must have  p(QM) < ua (QM) = pa (M)

Robustness Tests Thus, maximize over Q to reduce gap ~ maxgeq, P (QM) < pa (M)

Worst-Case Performance L .
(actually, it is an equality)

Recall bounds: mMaxQeq 5 p(QM) = MAXAEB 5 P (AM) = pua (M)

m “Look™ in QA for local maximums of r : BA — R,
r(A):=p(AM)
m Power iteration to find these

0 Reduces to standard power iteration for p (-) and & ()

0 Not guaranteed to find global max, but extensive use over time
shows the bound is quite reliable

© Gary Balas & Andrés Marcos 2009 UNAL Short Course — 15 / 50



Upper Bound for ;i: Pure Complex

Short Course Outline

— = Problem specific set of block diagonal matrices

L Introduction . 2% 2
Special Cases A = {dlag [51[3, 52, AB] . (51 - C, 52 c C, A3 - C }
Main Loop Theorem

Computing

Lower Bound (C)

Associated with A, define

Mixed u (C/R)

Other D = {diag[D1,dz,dsl2x2] : D1 € C**°, D1 = Di >0,d2 > 0,ds >0}

Robustness Tests

Worst-Case Performance NOte that

m  Where A is full, D is a scalar, and
m  Where A is a scalar, D is full

Hence, for each D € D and A € A, it follows that DA = AD.

Therefore

det (I — MA) = det(I—-MD *AD
— det (I — DMD A

which shows that for all D € D

pa(M) = pa (DMD™H)
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Upper Bound for p: Pure Complex (cont’d)

Short Course Outline

T Forall D € D — pa (M) = pa (DMD™?).

L Introduction

Hence, the crude upper bound p < & gives

Special Cases

Main Loop Theorem

Computin — —
Lowelj Bofnl:(C) IU‘A(M) — IU'A (DMD 1) S HDMD 1”

g/li:ed u (C/R) which we search over to get the best bound,
ther

Robustness Tests /’LA (M) < min HDMD—]. H

- DeD

Worst-Case Performance

Note: for any 6 > 0, and any D € D, the following equivalences are true:

|DMD™ Y| <8 < (DMD™') (DMD™') -1 <0
& D *M*DDMD™! —3°I <0
& M*D?M — 3°D? <0
& M*XM-—3X<0

Hence for a given 3, determining if the upper bound is less than 5 is
equivalent to finding a block structured matrix X that satisfies a Affine
Matrix Inequality.

This is a convex feasability problem, and can be solved reasonably quickly for
medium to large problems. The mussv software is based on these ideas.
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Mixed Real/Complex p: Lower Bound

Short Course Outline

yy— = Consider a specific block structure (for illustrative purposes)

L Introduction .
Special Cases A = {dlag [61|3X31621A3] : 61 c R1 62 c C1A3 c CZXZ} C C6><6
Main Loop Theorem

Computing Deflne
Lower Bound (C)

Upper Bound (C) QA = 1{[0113x3,92,Q3]: q1 € R, -1 <q1 < 1,

Mixed  (C/R)

Other o € C’q>2|<q2 — 11Q3 c CZXZ’Q§Q3 — IZ} - C6><6

Robustness Tests

Worst-Case Performance

Define Bp :={A € A:||A|| <1} C C®*® note Qo CBA.-
Theorem:

Qrggz pr (QM) :AIQSXA pr(AM) = pa (M)

m “Look” in QA for local maximums of r: BA — R,
r(A) :=pr(AM)
m  Power iteration to find these

[J  Reduces to standard power iteration for p () and O (-)
[1 Not guaranteed to find global max, but extensive use shows bound is
reasonable and useful
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Mixed Real/Complex ;: Upper Bound

Short Course Outline

)

What is p?

L Introduction

Special Coses A := {diag[8113,82, A3] : 81 € R, 82 € C, Az € C**?}

Main Loop Theorem

m Problem specific set of block diagonal matrices

Computing
Lower Bound (C)

Upper Bound (C) m Associated with A, define
Mixed u (C/R)

Other D = {diag[Dl,dz,d;glzXz] :Dq € CSX3,det (D1) #0,d2 > 0,d3 > O}

Robustness Tests

Worst-Case Performance and

Ga = {|diag[gi];=1 2.3.0,02x2| : s € R}
Theorem: If thereisa 6 >0, D € D and G € Ga such that
o {(I +GZ)_% (lDMD—1 —jG) (l +GZ)_%} <1
5 <

then Lia (M) < B
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Mixed Real/Complex ;: Upper Bound Facts

Short Course Outline

)

Zvﬁzd*”t m The smallest 8 > 0 for which D and G matrices exist which satisfy this
Special Cases constraint is what is called “the mixed p upper bound for M.”

Main Loop Theorem

Computing m Using standard algebraic manipulations, the computation of the best

Lower Bound (C)
Upper Bound (C)

Mixed 1 (C/R) ) : ) i .
— m  AMI is solved with special purpose convex programming techniques.

such g can be reformulated into a A [nelMatrix Inequality (AMI).

Robustness Tests

= Typically n® growth rate in computation complexity.

Worst-Case Performance

m For perturbation sets with multiple blocks, the general structure of the
sets D and Ga remains the same, with one scaling block for each
uncertainty block.

m Extensive experience (comparison to lower bound) shows decent behavior
0 purely complex case — 1-2% gap between upper and lower bounds
0 mixed (real/complex) — 10-20 % gap

m For some block structures, upper bound is always equal to u, regardless
of M and ¢ dimensions

If there are no real blocks, then the G matrices are identically zero, so the
bound reduces 1o /i (M) < minpep |[DMD || as before
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Short Course Outline

%
What is p?

L Introduction

Special Cases

Main Loop Theorem
Computing
Lower Bound (C)
Upper Bound (C)
Mixed p (C/R)

Robustness Tests

Worst-Case Performance

© Gary Balas & Andrés Marcos 2009

Real 1 Discontinuities and 1 Sensitivities

Calculation of real u is can have discontinuities which leads to poor
upper/lower bounds on .

The sensitivity of the u calculation to the particular uncertainty, 6, of
interest is given by

o p(M(n)) — pu(M(n—An))
Op = Alqlfgo An

Note that

m u(M(n)) is a non-decreasing function of n, hence . is non-negative.
m  p-sensitivities are well defined.

m Ju =~ the derivative of p with respect to 7.

A finite diLerknce approach is used to calculate 6. with respect the the
upper bound of L.
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Short Course Outline

)

Robustness Tests

MIMO Margins
Disk Margin
Robust Stability

Bounds

Robust Performance
Conclusions

Other Applications

Worst-Case Performance
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Robustness Tests
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MIMO Gain and Phase Margin

Short Course Outline

)

Robustness Tests Consider a scalar uncertainty (d;) in each channel.

MIMO Margins

Disk Margin

Robust Stability MIMO Gain Margin

Bounds

Robust Performance

Conclusions m Closed-loop system remains stable for all real §; satisfying

Other Applications

Worst-Case Performance

GM; <1+, <GMy.

_ ! 1 151 (9w)|] o0 151 (gw)|] o0 }
{1 1T (9w loo o ||TI(]W)||OO:|’ |:||SI(]W)||OO+1’ 151 (9w)]ee =1

MIMO Phase Margin

m Closed-loop system remains stable for all simultaneous independent
phase rotations 1 + &; = e¢’? satisfying —0 < 6; < 0.

1 1
[—0,0], where § = 2arcsin { } = 2arcsin { }
2|17 (9w) oo 2[|S1 (9w)l oo
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Disk Margin

Short Course Outline

)

Robustness Tests Unfortunately, the S and 7" gain margin expressions lack symmetry, i.e.
MIMO Margins
m widest gain margin interval using S is [—6 dB, co dB],

Robust Stability

Bounds

m widest gain margin interval using 7" is [—oco dB, 6 dB],

Robust Performance

Conclusions

Other Applications A symmetric gain and phase margin method using singular values was
Worst-Case Performance proposed by Barrett (1980) and used by Da||ey (1991)

Consider S (from u to e) and T' (from w« to y). Transfer matrix from w« to
e+yis (I — L)(I + L)%, the balanced sensitivity function.

“ e = (I +L) tu = Su
Y e y = —L(I+ L) tu = Tu
e+y = (I-LYI+L)"'v = (S—Tu
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Short Course Outline

)

Robustness Tests
MIMO Margins

Disk Margin

Robust Stability

Bounds

Robust Performance
Conclusions

Other Applications

Worst-Case Performance

Disk Margin (cont’d)

It can be shown that each broken-loop gain may be perturbed by the

complex gain (1 + A)(1 — A) where
1 1
’A|<M(S—T) or ’A|<5(S—T)

at each frequency without causing instability at that frequency.

The peak value of (S —T') or omax(S — T') gives a robustness guarantee for
all frequencies and for u(S — T'), the guarantee is non-conservative.
Defining r as
1 1
— <
WS —T) ~ o[(l —L)(H + L)~

yields symmetric MIMO gain/phase margins or disk margins

DGM — |:1_rmin’ 1+rmzn
1+rmin 1_rmin

} , DPM = [—ztan—l(rmm),ztan—l(rmm)]

1
p(S—=1T)

where r,,in = inf,er

© Gary Balas & Andrés Marcos 2009 UNAL Short Course — 25 / 50



Disk Margin (cont’d)

Short Course Outline

|V
Robustness Tests For a given peak value of u(S — T), any simultaneous phase and gain variations
MIMO Margins applied to each loop independently will not destabilize the system if the
perturbations remain inside the corresponding circle or disk.

Robust Stability

Bounds

Similarly, multiple channel margins calculation involves S — T . Instead of calculating
U(S — T) a single loop at a time, all channels are included in the analysis.

Robust Performance
Conclusions

Other Applications ]
m  Perturb each channel by an independent 0,

Worst-Case Performance

m The peak U(S — T) value guarantees that simultaneous, independent phase and
gain variations applied to each loop will not destabilize the system for

Disk gain margin (DGM) and disk phase margin (DPM) in the Nyquist plot
T T T T T
Unit Disk -
N Bl — Disk Margin
+ Critical point | |
2 N
2
el
S .
£
g
E N
| | | | | |
-15 -1 -0.5 0 0.5 1

Real Axis
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Robust Stability Tests

Short Course Outline

& We need to calculate a frequency response of M, and then compute the
Robustness Tests . . .

D b structured singular value (u) of M with respect to the uncertainty set A.
Disk Margin

e— At each frequency, the matrix M (jw) is passed to the y algorithm, and
Robust Performance (M (jw)) is computed and then plotted.

Conclusions

Other Applications

Worst.Case Performance Use notation pa (M (jw)), to emphasize dependency of the function on both

m M, and
m on the uncertainty set A

Let G denote the peak (across frequency w) of pa (M (jw))

max fia (M (jw)) = 9
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Robust Stability Tests (cont’d)

Short Course Outline

)

Robusinesshliests 1 calculation on known transfer function M gives

MIMO Margins A
Disk Margin . .

max pa (M{jw)) =: 5

Bounds

Robust Performance which is interpreted as follows: M

Conclusions

Other Applications

Worst-Case Performance

1. For all perturbation matrices A with

= the appropriate structure (ie., any A € A), max [|[A(jw)|| < %,

the perturbed system is stable

2. Moreover, there is a particular perturbation matrix with

m Ac A, and max [|[A(Jw)|| = %

that causes instability.

Hence, we think of

1 g . .
_ as a stability margin with respect to the
max ia (M(j)) y marg P

structured uncertainty set A affecting M.
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Short Course Outline

)

Robustness Tests
MIMO Margins
Disk Margin
Robust Stability

Robust Performance

Conclusions

Other Applications

Worst-Case Performance

Upper and Lower Bounds

The software does not compute 4 exactly, but bounds it from above and
below by several optimization steps. Let

m (3, := peak (across frequency) of the upper bound for ,
m (3, := peak of the lower bound for u.

Then
m For all perturbation matrices A € A satisfying

] 1
max [|AG)] < 5,

u

the perturbed system is stable;
m There is a particular perturbation matrix A € A satisfying

] 1
max |AGO)] = &

that causes instability.

The gap between the upper and lower bounds translates into gaps between
the conclusions “guaranteed robust stability” and “not robustly stable.”

The destabilizing perturbation matrix (of size B%) can be constructed from
the p calculation using the command mussvextract.
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Robust Stability Margin

Short Course Outline

& The robust stability margin, STABMARG, is the size of the smallest deviation

T — from nominal of the uncertain elements that leads to system instability.
argins

Disk Margin

Robust Stability 3r

Robust Stability Margin

Robust Performance

[

[

AN

[ Uncertainty level

I at which system can
become unstable

Conclusions

N
ol
T

Other Applications

Worst-Case Performance

N
T

System performance
degradation curve

S

=

Maximum System Gain over Uncertainty
o =
(6] ol

StabMarg=1.9

0 | | |
0 0.5 1 1.5 2 2.5 3

Bound on Normalized Uncertainty
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Short Course Outline

)

Robustness Tests
MIMO Margins
Disk Margin
Robust Stability

Bounds

Robust Performance

Conclusions

Other Applications

Worst-Case Performance

Robust Performance Test: MIMO H_., Performance

The performance of MIMO control systems is characterized using H-. norms.
We assume that good performance is equivalent to

1T o, == max [ T(jw)|| <1
weR

where T' is the weighted, closed-loop transfer function matrix of interest.

For robust performance of uncertain systems, 7' is the uncertain transfer
function from d — e, so T'= Fy (M, A). Thus, T is a function of A,
through the elements of M, and the LFT formula Fy .

(=]
€ ~<4— M < (|

The above system achieves Robust Performance if for all perturbations

= AcAand
m max [|[A(jw)|| <1,

the LFT is stable, and has || F (M, A)]|, <1
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Robust Performance Test: using u

Short Course Outline

& How can p be used to assess robust performance?

Robustness Tests

EAIT% Margins Main idea — relate size of a transfer function to robust stability test.
IS argin

Robust Stabilit : : L : :
Bzunzs o Suppose that T is a given, stable system, with input dimension ng and output

dimension n.. By the Nyquist and small-gain theorem, we know that || T <1 if

Conclusions

Other Applications and only if the feedback loop shown below is stable for every stable Ag(S) (of

dimension Ng X N¢) satisfying ||[Ar| < 1.

Worst-Case Performance

T

=N |« 7 || <1
o

Ap

Stable for all ||Ar|_ <1

Hence, a TF T is small, ie., ||T||., < 1 if and only if T can tolerate all possible
stable feedback perturbations Ap (with |[Ag|[, < 1) without leading to instability.

The size of a transfer function can be determined using a robust stability test

This allows to pose the robust performance question as a robust stability question.
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Robust Performance Test: RP as RS

Short Course Outline

& For robust performance problems, transfer function in question is an LFT,
Robustness Tests

MIMO Margins T =TFy (Mv A)-

Disk Margin A

Robust Stability j

Bounds

et M |y

Conclusions

Other Applications

Following the argument presented, it follows that ||Fy (M, A)ll, < 1 for all
pertubations A € A satisfying max ||[A(jw)|| <1 if and only if the LFT below

Worst-Case Performance

_>.A

—P-AF

Is stable for all A € A and all stable iAx satisfying

max |[AJw)[| <1 and max||[Ar(Jw)| <1.
w w
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Robust Performance Test: RP as RS(cont’d)

Short Course Outline

= But this is exactly a Robust Stability problem for M, subjected to
Robustness Tests - -

D b perturbation matrices of the form

Disk Margin

st Sl Ay — A 0

Bounds P 0 AF

Conclusions

where A is a full unmodeled dynamics block.

Other Applications

el Lo P e mene Hence, we use robust stability techniques — on a larger problem, computing
tap (M (jw)) — to determine bounds on robust performance for our original
problem!

We use an additional (fictitious) uncertainty element, and determine the
robust stability of the extended system, and finally make conclusions about
the robust performance of the original uncertain system, Fy (M, A).

IMPORTANT

Robust |- Performance is characterized by introducing a fictitious
uncertainty block across the disturbance/error channels and carrying
out a Robust Stability Analysis
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Robust Performance Test: RP as RS Summary

Short Course Outline

. In summary, each RP p-analysis consists of the following steps:

T 1. Recast the problem into the feedback loop below
argins

Disk Margin

Robust Stability A

Bounds Ii>

Conclusions € ~4— M '<_d

Other Applications

Worst-Case Performance

where M is a known linear system, and A € A is a structured
perturbation, and d and e are the generalized disturbance and error that
characterize the performance objective.

2. Calculate a frequency response of M
3. Describe the structure of the perturbation set A

4. Use the dimensions of the disturbance/error channels to define a
fictitous uncertainty block, and augment this with the actual uncertainty
structure of A giving an extended uncertainty set Ap

5. Compute pa, (M (jw)) on the frequency response of M, using the
augmented uncertainty set Ap

6. Plot the bounds obtained from the p calculation
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Robust Performance Conclusions

Short Course Outline

. A
= Augmented Uncertainty Set r j
Robustness Tests
MIMO Margins M
Disk Margin Ap = A 0 € <
Robust Stability 0 Arp
Bounds
obut SIS where A is a full, unmodeled dynamics block of dimension ng X ne.
Other Applications Let 5 denote the peak of the p-plot

Worst-Case Performance

max s, (M(jw)) = 3
weR

1. For all perturbation matrices satisfying
= AcAandmax [[A(jw)| < 3,
the perturbed system is stable and || Fy (M, A)|| <8

2. Moreover, there is a particular perturbation satisfying

m AcAand max ||A(jw)|| = %

that causes either || Fy (M, A)|| .. = 8, or instability.

”OO

Recall, exact computation of 4 is not possible, so what implications are true
using the bounds...
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Robust Performance Conclusions: Analysis

Short Course Outline

A typical tradeo [clirve

)

Robustness Tests
MIMO Margins 3r

Disk Margin Robust Performance Margin
Robust Stability

Bounds

N
ol
T

Robust Performance

Conclusions

Other Applications

T

System performance
degradation curve

N
T

Worst-Case Performance

y=1/x curve in
uncertainty size
.vs. performance

PerfM arg:O.S? tradeoff space

=

o
o
AN

Maximum System Gain over Uncertainty
H
o1

O | | |
0 0.5 1 1.5 2 2.5 3

Bound on Normalized Uncertainty

Robust performance analysis involves determining where the system
performance degradation curve crosses the dashed-line (the y=1/x
hyperbola).
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Other Applications of Real ;1 Tests

Short Course Outline

Almost all p-analysis publications discuss the case where u is used to analyze
system frequency responses along the jw-axis.

)

Robustness Tests
MIMO Margins

Disk Margin However, computing . along diLerknt contours in the complex plane can
robust Stbiliy provide additional useful information regarding performance of the

Bounds

Robust Performance Closed-loop

Conclusions

Other Applications

Worst-Case Performance

B  Sweep along jw axis finds smallest per-
turbation A that drives system unstable.

AZm(s) (Frequency sweep can be eliminated.)
constant .
damping stability _
test test m  Flight control system performance can
©s become unacceptable long before it
goes unstable (too sluggish, too lightly
damped, wcgain).

B At any complex point sg € C, find small-
est perturbation which places closed-loop
pole at sg.

-
Re(s)

B  Sweeping s along a line of constant

damping, such as { = 0.4, finds smallest

worst-case worst-case perturbation which reduces damping
stable pole unstable pole below this level
test test '
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Other Applications of Real ;1 Tests

m  Compute 1 on a grid in the s-plant around a nominal closed-loop point, then construct a

contour map of .

0 Pole migration in the complex plane as a function of the uncertainty.

m  Behaviour of specific eigenvalues (e.g. longitudinal/lateral axis) as a function of
Increasing percentage of the worst-case uncertainty.

Upper Bound contour for 4 aerodynamic uncertainties
T T T T
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Imaginary Axis

Upper Bound contour for 4 aerodynamic uncertainties
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Worst-Case Performance

Setup

Justification
Performance Objective
Uncertainty Model
Curves

wcgain

Worst-Case Performance
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Worst-Case Performance Setup

Short Course Outline

& Systems under consideration:
Robustness Tests
S m Linear systems with parametric uncertainty, and/or unmodelled dynamics
= Performance objective involves keeping specific transfer functions “small”
ustitication
Performance Objective
Uncertainty Model A
Curves
wcgain
max M(s)
NE=Y |

Uncertain relationship between d and e is

e = [Mzz + M1 A (I — MllA) Mlz] d =: F, (M, A) d =: Td_w(A)d

Why Not Robust Stability?

m Before stability is lost, performance degrades unacceptably.

m  WC Performance, over parameter uncert. and unmodelled dynamics, is
easy to motivate and uses same mathematical tools as RS calculations.

m For problems with only real parametric uncertainty modeled, Robust
Stability quantities can be discontinuous (in data and frequency)
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Short Course Outline

Justification

& Question: is the quantity

Robustness Tests

Worst-Case Performance

Setup

max max |Ti—(A,w)|
allowable A w

e PRLT
. a good measure of “worst-case behavior?

Performance Objective
Uncertainty Model
Curves |

wcgain

Honeywell SRC applied this type of analysis to Shuttle in 1984+.

Frequency domain criterion — connection to time domain is less precise
than usually desired.

T must be chosen carefully to reflect variables of interest.

One strategy: assess and normalize the nominal level of performance
being achieved by current controller
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Short Course Outline

& One method to pick T

Robustness Tests

Worst-Case Performance u

Setup -
Justification

Uncertainty Model

Curves

wcgain

Performance Objective: Weighted Norm

Start with nominal model, and candidate controller
Plot closed-loop frsp from cmds (r) and gusts (g) to tracking error e

__ ,~nhom r
¢=¢ [9}

Find simple weighting functions W3, W> such that (for all frequencies)
W1(jw)G1 " (jw)| = 1, [W2(jw)G2™" (jw)| = 1

Hence, nominal model with controller achieves weighted closed-loop
performance

Wi (j0)GM (o) || 1y
W ( -

P Wa(i0)GEom (jw)

w

For perturbed system, use this objective, and see how “bad” it can be
made, relative to 1.4 (nominal performance)

WG (A
T(A) = [ WiGiEA% ]
Find
max ||T (A)||

A allowable

© Gary Balas & Andrés Marcos 2009 UNAL Short Course — 43 / 50



Uncertainty Model

Short Course Outline

)

Robustness Tests

Treat two types of model uncertainty:

Worst-Case Performance

Setup

1. Uncertain real-valued parameters in di Lerkntial equation model

Justification

Performance Objective 2. Unmodeled dynamics, with frequency dependent bounds
Sl Normalizing (absorbing o [seks and weights into “known” part of system)

wcgain

yields uncertain matrices of the form
A = diag [5llk1, o Oy Av(s), -, Af(s)]

each real and transfer function parameter assumed to satisfy
6i <1, max|A;(jw)| <1

Easy Fact: Given any complex number ~, with |v| < 1, and any frequency
wo > 0, there is a stable transfer function A(s) satisfying

A

max [A(jw)| = 7], A(jwo) =7

Implication: Ultimately treat the Worst-Case-Performance computation as a
collection of uncoupled constant matrix problems.
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Short Course Outline

)

Robustness Tests

Worst-Case Performance

Setup

Justification
Performance Objective
Curves

wcgain

Reduction to Constant-Matrix

For the problem, there is a “worst” frequency. At that frequency, the mathematical
problem is a single matrix problem. How? Allowable A satisfy

A = diag [810p,, -, 8nlk,, Ax(s), -, Ag(s)] with [8;] < 1, max, [A;(jo)| <1

Original problem is

max max‘Fu <|\7| (J(*))’A(J(*))M

A(s) allowable w

Interchange the “max”

"5 Ags) allowable Fu (MG0). AG0)|

But at any fixed frequency, the transfer function entries of A(jw) can be any
complex number with magnitude < 1. So, at each frequency, view A as a constant
matrix (real and complex entries)

mjx mAax F. (|\7| (jw),A)’

- 7
Ve

constant matrix problem

Grid frequency range, based on domain-specific expertise, with finite frequencies,
W1, W2,...,wWyN, and solve only there

1§mq;aéXN mAaLX F. (|\7| (Jo,), A) ’
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Short Course Outline

Worst-Case Performance: Constant Matrix

& Focus on constant matrix problem and solve at many frequencies.

Robustness Tests

Worst-Case Performance ]

Setup
Justification

Performance Objective

|
Uncertainty Model
Curves
] |
wcgain
|
|

M e Ck*ne)x(k+na) complex since this will typically be response of M at a
certain frequency.

Integers K1, ...,Kn,Kpn+1,...,Ky+p, with K:=kg + - + Kyt ¢.

N uncertain real parameters, 01,...,0,, each varies independently in range,
a; <0; <h;.
T uncertain matrices, A1 € Ckn+1><kfn+1,___,Af € CkntrXknty

Associated with the indices K;, D denotes the operation which takes
d:=(01,...,0n) and A := (Al, L Af) into the k x k block-diagonal matrix.

Dsa = diag [61|k;1;---;6n|kn;A1;---,Af]

Problem: Given M and interval [a; b;], estimate lower and upper bounds for

max o [Mzz + M21Dsa (I — M11Dsp) ™" Mlz]

a; <06, <b;
I:VD(SAj

s (D)<1
<]

[

Q|
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Robustness Tests

Worst-Case Performance

Setup

Justification
Performance Objective
Uncertainty Model

wcgain

Worst-Case Performance Margin

Generally, “robustness computations™ refer to determining specific attributes
of the system performance degradation curve. The commands robuststab,
robustperf and wcgain all compute single scalar attributes of the system
performance degradation curve.

31 WCGain uses bound of
1 on normalized uncertainty

Y

[

[

AN

[ Uncertainty level

I at which system can
become unstable

N
1
T

N
T

WCGain=1.22
A

y=1/x curve in
uncertainty size
.vs. performance

PerfM arg:O.S? tradeoff space

[EEN

o
o
AN

Maximum System Gain over Uncertainty
H
(6]

StabMarg=1.9

0 | | |
0 0.5 1 1.5 2 2.5 3

Bound on Normalized Uncertainty
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Worst-Case Gain: wcgain

Short Course Outline

= The worst-case gain, wcgain, measure is the maximum achievable system
Rolstness Teste gain over all uncertain elements whose normalized size is bounded by 1.

Worst-Case Performance

Setup 3
Justification WCGain uses bound of
1 on normalized uncertainty

N

Performance Objective
Uncertainty Model

Curves

N
o1
T

N
T

T~

System performance
degradation curve

WCGain=1.22
A

[EEN

Maximum System Gain over Uncertainty
o [
o1 o1

Worst—Case Gain Measure

O | | |
0 0.5 1 1.5 2 2.5 3

Bound on Normalized Uncertainty
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Worst-Case Gain: wcgain (cont’d)

Short Course Outline

& Determining the maximum gain over all allowable values of the uncertain
Robustness Tests elements is referred to as a worst-case gain analysis. “Gain” refers to the
frequency response magnitude.

Worst-Case Performance

Setup
Justification
Performance Objective 101 -
lCJncertainty Model Various Sample
wcgain i /\/M responses
100 -
@ I
®)
2
c
(@)}
©
=
10_1:‘
' Nominal Response
10
10 10 10 10 10
Frequency
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Worst-Case Gain: wcgain (cont’d)

WCGAIN can perform two types of analysis on uncertain systems:

pointwise-in-frequency worst-gain analysis
yields the frequency-dependent curve of max-
Imum gain, corresponds to maximum value at
each and every frequency.

Maximum Gain
pointwise
across frequency

.

Magnitude

WorstCase gain
degradation from nominal

10! 10° 10" 10 10
Frequency

(© Gary Balas & Andrés Marcos 2009

peak-over-frequency  worst-gain  analysis
(default) computes the largest value of
frequency-response magnitude across all
frequencies.

10 ¢
WorstCase Gain, peak—across—frequency\

=
o

Magnitude

Nominal

10" 10° 10" 10 10
Frequency
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